
�®slstm�� 	y�r� ­ A��¤ �lWm�� 
CAqt�� 3

TF�C dn�¤ ,Tb�wm��  ¤d��� ��Ð �®slstml� 
CAqt�� ��CAbt�� AnFC ��As�� �Of�� ¨�
Tlslstm�� Yl� ��CAbt�¯� Hf� ��d�tF� Annkm§ Tb�AF A¡ ¤d� �ym�

∑
ak Tlslst�

 � Am� ,Tyl}±� Tlslstm�� 
CAq� ¸�Ak§ Tlslstm�� £@¡ 
CAq�  ± ��Ð¤ ,
∑

(−ak)
.−1 ¨� ¾A�¤rS� Tlslstm�� £@¡ �wm�� ©¤As§ Tyl}±� Tlslstm�� �wm��

 A� w� �bW�A� ,­CAJ³� ­ry�t�
∑

ak Tlslstm��  ¤d� 
�A� �Ð� �lt�§ r�±� �k�

CAq� xCd� :Xys� �®t�¯�  �� Tb�w� ak, k > k0  ¤d��� �ym�  wk� �y�� k0 �An¡
¨� Anl�K§ �wF A� .Sk0

¨htnm�� �wm�m�� �yS� �� k0 + 1 d��� �� ¾�ºd� Tlslstm��
k �k�  � ©� ,¾�d�� A¡ ¤d� ­CAJ� 
b�� ¯ ¨t��

∑
ak �®slstm�� TF�C w¡ �Of�� �@¡

Tlslstm�� �®slstm�� �l� Tl��� �� .k ��C d��� d`� Tb�w�  ¤d�¤ Tb�AF  ¤d� d�w�
.
∑

sin(ka)/kp Tlslstm��¤
∑

(−1)k/k
Tlslstm�� 
CAq� ©� ,�lWm�� 
CAqt�� TF�Cd� �db� �®slstm�� £@¡ ��� 
CAq� TF�Cd�
 ¤d��� ��Ð �®slstml� 
CAqt�� ��CAbt�� ��d�tFA� ¢FCd�  � �km§ ©@��¤ ,

∑ | ak |
�k� ,
ht�� d� T��sm��  wk� ¾AqlW� ¾A�CAq� Tlslstm�� 
CAq� �wb� T�A� ¨�¤ ,Tb�wm��

?
CAqt�� TqlW� Tlslstm�� �k� �� w� �`f� �ÐA�
ry�¤ ­CAJ³� ­ry�t� �®slstm�� 
CAq� Yl� �r`t� �y� ¨�At�� �Of�� ¨� «rnF

.
CAqt�� TV¤rK� �®slst� Yms� �®slstm�� �l� ��� ,
CAqt�� TqlW�
¨� �A� ³�¤ ��d�³� �y��wq� �l`t� «r�� Tl·F�� ª¤rKm��¤ �lWm�� 
CAqt�� Xb�r§
Tyqyq���  �d�±� �m�  � ­ At`m�� 
As��� d��w� �� �l`� ��� ,Tlslst�  ¤d� �m�

��d�³� ¨�w�Aq� �S�§

a + b = b + a R 3 a, b∀
�A� ³�¤

(a + b) + c = a + (b + c) R 3 a, b, c∀
.¨RA§r�� �AtntF¯� ��d�tFA�  ¤d��� �� ¨htn�  d� ©± Ahmym`� �km§ ¨t�� �y��wq�� ¨¡¤

¾� �d�� a1, · · · , aN �kt� :Tyqyq���  �d�°� T�A`�� �A� ³�¤ ��d�³� �y��w� - 1-3
.N ∈ N∗ �y� ,Tyqyq�

 wk§ {1, · · · , N}  �d�°� σ Tl§db� ©± (1)
N∑

k=1

aσ(k) =
N∑

k=1

ak

 wk§ 0 = `1 < `2 < · · · `m = N �ysq� ©± (2)

m−1∑
j=1

(

`j+1∑

k=`j+1

ak) =
N∑

k=1

ak
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�rWn� ¤� ?Ty¶Ah�®�� �y�A�ml� T�y�} �y��wq�� £@¡ �¡ :�ºAst�  � ¨`ybW�� ��
�h� ,A¡ ¤d� 	y�r� A�ry�¤ ,

∑
ak Tlslst� An§d� 
�A� w� :T� r��� �kK� ��¥s��

 ¤d� ­d� Ahn� �k� x�w�± �wm�m�� Anms� w� �ÐA�¤ ?w¡ Am� Yqb§ �� Ah�wm�� ry�t§
Ah�  wk§ �¡ T��An�� Tlslstm�� �wm�� AnFC �� ¾¯¤� xw� �� ���d� A� �m�� Anm�¤

?Tyl}±� Tlslstm�A� �wm�m�� Hf�∑
(−1)k Tlslstm�A� :�¤±� ��¥s�� Yl� T�A�³� �� �hF� ¨�A��� ��¥s�� Yl� T�A�³�

�kK�A� x�w�±� �R¤ A�d�� w� Annk� T§d�Ab�
∞∑

k=0

(a2k+1 + a2k+2) = (−1 + 1) + (−1 + 1) + (−1 + 1) + · · ·

.rfO�� ©¤As§ Ah�wm��¤ Ty�CAq� ¨¡¤ T§rfO�� Tlslstm�� An� �tnyF
­ryhJ T§r\� ¨� (Bernhard Riemann)  Am§C  CA�r� ¢n� 
A�� �¤±� ��¥s��

¾A�CAq� Ty�CAq� Tlslst� ∑
ak �kt� :ª¤rKm�� 
CAqtl�  Am§C T§r\� - 2-3

�y�� x, y ∈ R�ky�¤ ,T§d�Ab�∑ | ak |�k� Ty�CAq�∑ ak  � ©� ÁAV¤rK�
�y�� σ : N −→ N © A�� rZAn� d�w§ ¢��� .x ≤ y

lim inf
n→∞

n∑

k=0

aσ(k) = x, lim sup
n→∞

n∑

k=0

aσ(k) = y

.Tom Apostol, Mathematical Analysis(1974)
At�¨� T§r\n�� £@¡ A¡rb� �w�r�� �km§
¨� ��d�³� Ty}A� �q�� �d`� © ¥§ ª¤rKm�� 
CAqt��  � T§r\n�� £@¡ �Rw�

CAqt��  � �Rw� Ty�At�� T§r\n�� ?�lWm�� 
CAqt�� �� �ÐA� �k� .¨¶Ah�®�� �wm�m��

.�A� ³�¤ ��d�³� ¨ty}A� �q�� �mS§ �lWm��
:T§r\� - 3-3

© A�� rZAn� ©± ¢��� , ¾AqlW� ¾A�CAq� Ty�CAq� Tlslst� ∑
ak �kt� (1)

�wm�� Hf� w¡ Ah�wm��¤ Ty�CAq� ∑
aσ(k)  wk§ σ : N −→ N

.Tyl}±� Tlslstm��
Ty`ybW��  �d�°� �ysq� ©± ¢��� Ty�CAq� Tlslst� ∑

ak 
�A� �Ð� (2)
 wk§ 1 = n0, nj < nj+1 �y�� (nj)j∈N

∞∑
j=1

(

nj+1∑

k=nj−1

ak) =
∞∑

k=1

ak

- A¡r�

,© A�� rZAn� σ : N −→ N �kt� ¤ A ©¤As§ Ah�wm��¤ ¾AqlW� ¾A�CAq� Ty�CAq�
∑

ak �kt� (1)
,n > n0, p ∈ N �k�

∑n+p
k=n+1 | ak | < ε/2 �y�� n0 ∈ N CAt�� .YW`� ε > 0 �ky�¤
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�y�� m ∈ N @���¤

{1, 2, · · · , n0 + 1} ⊆ {σ(1), · · · , σ(m)}
 wk§ ¨�At�A� p = max{σ(1), · · · , σ(m)} − n0 �S�

∣∣∣∣∣
m∑

k=1

aσ(k) −
n0+1∑

k=1

ak

∣∣∣∣∣ ≤
n0+p∑

k=n0+2

| ak | < ε/2

 � �tny�
∣∣∣∣∣

m∑

k=1

aσ(k) − A

∣∣∣∣∣ ≤
∣∣∣∣∣

m∑

k=1

aσ(k) −
n0+1∑

k=1

ak

∣∣∣∣∣+
∣∣∣∣∣

n0+1∑

k=1

ak − A

∣∣∣∣∣ < ε/2+ε/2 = ε

.A ©¤As§ Ah�wm��¤ Ty�CAq�
∑

aσ(k)  � 
b�§ A� w¡¤

 � �R�w�� �� .bj =
∑nj+1

k=nj−1 ak �kt� (2)

m∑
j=0

bj =

nm+1∑

k=0

ak

�y�A�m�� T`�Att� �� Ty¶z� T`�Att� ¨¡
∑

bj Tlslstml� Ty¶z��� �y�A�m�� T`�Att�  � ©�
�ytlslstml�  wk§¤

∑
bj 
CAqt� © ¥§

∑
ak 
CAq�  �� ¨�At�A�¤ ,

∑
ak Tlslstml� Ty¶z���

.�wm�m�� Hf�

 �� �ms� ¯ �ÐAml� ,«w�� T§r\n� An� ¨�w� d� Tq�As�� T§r\n�� �� Ty�A��� ­rqf��
? ¤d��� �� ¨¶Ah�¯  d� Yl� ¨�A��� �ym�t�� ¨� xw� �� ©wt�§

�®slstm�� �� T`�Att� An§d�  � |rtf� A�w� ­rkf�� £@h� T�wq`� T�AyO� �O� ¨�
 d� Tlslst� �� �wm�� �ky�¤ , · · · ,

∑
ak,n ,· · · ,

∑
ak,2 ,

∑
ak,1 :Ty�CAqt��

�wm�� �� ryb`t�� Annkm§ , Ty�CAq�
∑

An Tlslstm��  � |rfn�¤ ,An =
∑∞

k=1 ak,n

.:­CwO�A� ­ry�±� Tlslstm�� £@¡
∞∑

n=1

An =
∞∑

n=1

( ∞∑

k=1

ak,n

)

�¡ ©� ?Tq�As�� T�yO�� ¨� �m��� ¨t�®� 	y�r� ryy�� �km§ �¡ : µ�

?
∞∑

n=1

( ∞∑

k=1

ak,n

)
=

∞∑

k=1

( ∞∑
n=1

ak,n

)

¨�At�� �A�m�� �� ��Ð T\�®� Annkm§¤ ,	ls�A� ¾AS§� ¨¡ ��¥s�� �@¡ Yl� T�A�³�
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�kt� :- 4-3

ak,n =





1, k = n
−1, k = n + 1
0 ��Ð ry�

Amny�
∑∞

k=1 ak,n = 0  � d��
∞∑

n=1

ak,n =

{
1, k = 1
0, k > 1

 �� ¨�At�A�¤
∞∑

n=1

( ∞∑

k=1

ak,n

)
6=

∞∑

k=1

( ∞∑
n=1

ak,n

)

:Ty�At�� T§r\n�� 	s� ��Ð¤ ,�m��� �Aylm� �§db� �km§ �lWm�� 
CAqt�� T�A� ¨�

�q�� Tyqyq�  �d�� an,k �kt� :T§r\� - 5-3

,An Ah�wm��¤ �lW� 
CAq� Ty�CAq�
∑

k ak,n Tlslstm�� n �k� (�)

.�lW� 
CAq� 
CAqt� ∑n An Tlslstm�� (
)

 ��
∞∑

n=1

( ∞∑

k=1

ak,n

)
=

∞∑

k=1

( ∞∑
n=1

ak,n

)

ª¤rKm�� 
CAqt�� ��CAbt�� 4

ª¤rKm�� 
CAqtl� ��CAbt�� �An¡ �¡ ?
CAqt�� TV¤rK� �®slstm�� Yl� �r`t� �y�
ª¤rKm�� 
CAqtl� ¾�CAbt�� ¨l§ Amy� �dqnF ?�lWm�� 
CAqtl� ��CAbt�� A�d�¤ Aml��
¢ylk§r§ - ��� CAbt�� w¡¤ (­CAJ³� ­ry�t�  ¤d��� ��Ð �®slstm�� 
CAqt� ¤�)

:��� T�y} Yms� �m�l� T�yO� ¢�Ab�³ �At�nF Annk� , (Abel-Dirichlet)
 �d�±� ��  At`�Att� (ak)k∈N, (bk)k∈N �kt� :(�m�l� ��� T�y}) T§r\� - 1-4

 �� ,Bn =
∑n

k=1 bk �kt�¤
n∑

k=1

akbk = an+1Bn +
n∑

k=1

(ak − ak+1)Bk

68



¨�At�A� ,bk = Bk −Bk−1  � ^�®� B0 = 0 �Rw� - A¡r�
n∑

k=1

akbk =
n∑

k=1

ak(Bk −Bk−1)

=
n∑

k=1

akBk −
n∑

k=1

akBk−1

=
n∑

k=1

akBk −
n−1∑

k=0

ak+1Bk − an+1Bn + an+1Bn

=
n∑

k=1

akBk −
n∑

k=1

ak+1Bk + an+1Bn

= an+1Bn +
n∑

k=1

(ak − ak+1)Bk

�y� ck = ak bk �kt� :(�®slstm�� 
CAqt� ¢ylk§r§ - ��� CAbt��) T§r\� - 2-4
 A� �Ð� . �d�±� ��  At`�Att� (ak)k∈N, (bk)k∈N

.rfOl� �¤¥�¤ TyO�An� (ak)k∈N (�)

.­ ¤d�� (
∑n

k=1 bk)n∈N∗ T`�Attm�� (
)

.Ty�CAq� ∑ ck Tlslstm��  ��
�S� - A¡r�

Bn =
n∑

k=1

bk,M = sup
n
|Bn |

�y�� n0 d�w§ ¢��� limk→∞ ak = 0  � �y� ,YW`� ε > 0 �ky�
k > n0 =⇒ ak < ε/M

 � d�� ,p ∈ N ¤ n > n0 �ky�∣∣∣∣∣
n+p∑

k=n+1

akbk

∣∣∣∣∣ =

∣∣∣∣∣ an+p+1Bn+p +

n+p∑

k=n+1

(ak − ak+1)Bk

∣∣∣∣∣

≤ an+p+1 |Bn+p |+
n+p∑

k=n+1

(ak − ak+1) |Bk |

≤ Man+p+1 + M

n+p∑

k=n+1

(ak − ak+1)

= Man+1 < ε
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.Ty�CAq�  Ð� ¨h� ,¨Jw� ªrJ �q��
∑

ck Tlslstm��  �� ¨�At�A�¤

�� T`�Att� (ak)k∈N �y� ck = (−1)k ak �kt� :ztnby� CAbt�� :T�yt� - 3-4
.Ty�CAq� ∑ ck Tlslstm��  �� .rfOl� �¤¥�¤ TyO�An� (ak)k∈N 
�A� �Ð� . �d�±�

 � d�n� bk = (−1)k �S� - A¡r�
n∑

k=1

bk =

{−1 A�dn� n © r�  d�
0 A�dn� n ¨�¤E  d�

.
wlWm�� �tn§ ¨�At�A�¤ ,¢ylk§r§ ��� CAbt�� ª¤rJ �q�� (ak)k∈N, (bk)k∈N  � ©�
:Tl��� - 4-4

�¤¥�¤ TyO�An� Ah�� �R�w�� �� , ak = 1/
√

k @��� ,
∑ (−1)k

√
k

Tlslstm�� 
CAq� xCdn� (1)

T§d�Ab�
∑ 1√

k
�k� .Ty�CAq� Tlslstm��  � ©� ,Tqq�t� ztnby� CAbt�� ª¤rJ  �� ¨�At�A�¤ ,rfOl�

.¾AV¤rK� ¾A�CAq� Ty�CAq�
∑ (−1)k

√
k

 wkt� (��Akt�� CAbt�� ��)

.a /∈ 2πZ �y�
∑ sin ka

k
Tlslstm�� xCdn� (2)

 Ð� Yqbt§ ,rfOl� �¤¥�¤ TyO�An� (ak)k∈N  � ^�®� bk = sin ka ¤ ak = 1/
√

k @���
.
∑n

k=1 sin ka :�y�A�m�� T§ ¤d�� TF�C 
n∑

k=1

sin ka =
1

sin(a/2)

n∑

k=1

sin(ka) sin(a/2)

=
1

sin(a/2)

n∑

k=1

(cos(
2k − 1

2
a)− cos(

2k + 1

2
a)

=
1

sin(a/2)
(cos(a/2)− cos(

2n + 1

2
a))

 � ��Ð �� �tn§∣∣∣∣∣
n∑

k=1

sin ka

∣∣∣∣∣ ≤
2

sin(a/2)

¹CAql� �km§ .Ty�CAq� Tlslstm��  ± © ¥§ A� w¡¤ ¢ylk§r§ - ��� CAbt�� ª¤rJ �q�� 
b�§ A� w¡¤
.ª¤rK� 
CAqt��  � �� d��t�� ��Akt�� CAbt�� ¤� rJAbm�� 
As��� ��d�tFA�

:Ty�At�� ��CAb`�� �� �� �W� ¤� T�} xC � .Tl·F� 5.4
.Ty�CAq� ∑

akbk Tlslstm��  �� ­ ¤d�� T`�Att� (bk)k∈N 
�A� ¤ limk→∞ ak = 0 
�A� �Ð� (1)
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.Ty�CAq� ∑
(−1)kak Tlslstm��  �� Ty�CAq� Tlslst� ∑

ak 
�A� �Ð� (2)

.¾AS§� Ty�CAq� ∑
(−1)kak Tlslstm��  �� Ty�CAq� Tlslst� ∑ | ak | 
�A� �Ð� (3)

T`�Att� �iÄwaku� Ty¶z��� Ah`y�A�� Tlslst� ∑
bk 
�A�¤ Ty�CAq� Tlslst� ∑

ak 
�A� �Ð� (4)
.Ty�CAq� ∑

akbk Tlslstm��  �� ­ ¤d��

.¾AS§� Ty�CAq� ∑ (−1)k

k
ak Tlslstm��  �� Ty�CAq� Tlslst� ∑

ak 
�A� �Ð� (5)

.�§CAm� 6.4

:Ty�µ� ∑
ak �®slstm�� �� �� 
CAq� TF�Cd� ¢ylk§r§d-��� CAbt�� �d�tF� (1)

,ak =
(−1)k

√
(k + 3)

k2
(�)

,ak =
cos k

k
(
)

,ak =
k3 cos k

k4 + 2
(�)

,ak =
sin kArc tg (k)

ln k
( )

,ak =
sin( (k−1)2

2(k2+1)
π)

k
(£)

,ak =
sin k ln k

k
(¤)

:Ty�µ� ∑
ak �®slstm�� �� �k� ª¤rKm��¤ �lWm�� 
CAqt�� xC � (2)

,ak =
(−1)kkk

(2k)!
(�)

,ak =
sin(2k)

k
(
)

,ak =
(−1)k(2k)!

(k!)2
(�)

,ak = (−1)k sin(π/k) ( )

,ak = (
ak

k + 1
)k (£)

,ak = arctan(a/k2) (¤)

.ak =
cos(kπ/2)
k sin(3k)

(E)

�¤¥�¤ TyO�An� (ak)k∈N  � ©�) ztnby� CAbt�� ª¤rJ �q�� Tlslst� ∑
(−1)kak �kt� (3)

�ky�¤ ,(rfOl�

rn =
∞∑

k=n+1

(−1)kak

.| rn | ≤ an+1  �¤ (−1)n+1an+1 d��� ­CAJ� Hf� ¢� rn  ± �¡r�

: � �¡r� ,Tb�wm��  �d�±� �� T`�Att� (ak)k∈N �kt� (4)

Ty�CAq� ∑
(−1)kak Tlslstm��  �� limk→∞ k

(
ak

ak+1
− 1

)
> 0 
�A� �Ð� (�)

.T§d�Ab� ∑
(−1)kak Tlslstm��  �� k

(
ak

ak+1
− 1

)
≤ 0 
�A� �Ð� (
)

.Tyqyq���  �d�±� �� T`�Att� (bk)k∈N �kt�¤ ,rfOl� �¤¥�¤ TyO�An� T`�Att� (ak)k∈N �kt� (5)
 �� Ty�CAq� ∑

akbk Tlslstm�� 
�A� �Ð� ¢�� �¡r�

lim
n→∞ an

(
n∑

k=1

bk

)
= 0

 wk�¤ limk→∞ ak ↘ 0  wk� �y�� (bk)k∈N ¤ (ak)k∈N  �d�±� �� �yt`�Attm� ¾¯A�� X�� (6)
.­ ¤d�� ry� Bn =

∑n
k=1 bk Ty¶z��� �y�A�m�� Amny� ,Ty�CAq� ∑

akbk Tlslstm��
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